Let r(n;p) be the congruence subgroup of SL(n;Z) of level p. We study the homology and cohomology of r(n;p) as modules over SL(n;F,) and apply our results to obtain an upper bound for the order of K3(Z).
Furthermore, if r(n;p) is the congruence subgroup of GL(n;Z) of level p, the Serre-Hochschild exact sequence of the extension 1 r(n;p) GL(n;Z) GL(n;F,) (where F, is the field of p elements) relates Hq [GL(n;Z) ;St(n)] to Hq [r(n;p) ;St(n)] for low values of q. By studying the groups H*[r(n;p)] as modules over GL(n;F,), we are able to prove the following.
THEOREM. The group K3(Z) is a finite abelian group with only 2-and 3-torsion. The 3-torsion subgroup is a cyclic group of order and the 2-torsion subgroup has order less than or equal to 64.
Since Karoubi (ref. 3, p. 383) has proved that the order of Ks(Z) is at least 48, it follows that it must be either 48, 96, or 192. Our results on the homology of the congruence subgroups r(n;p) are far from complete. For the particular case n = p = 3, we are able to completely determine the homology and cohomology of r(n;p) as modules over GL(n;F,). In general, we are only able to determine the homology and cohomology in the two extreme dimensions:
H1[r(n;p)] for all n > 3 and primes p > 3 and HN[r(n;p)], HN[r(n;p) I for n > 3 and p = 3 where N = '/2(n2 -n) is the homological dimension of r(n;p). 1 . The homology and cohomology of the groups r(n;p).
Let MZ(n;p) be the additive group of n X n matrices with entries in FP. Then fl(n;p) is a right module over GL(n;Fp) with Ag = g-' Ag for g £ GL(n;Fp) and A C W(n;p). Define a mapping (p:r(n;p) -> M(n;p) by (p(A) = 7/p(A -I) mod p and let 91o(n;p) be the submodule of trace zero matrices. THEOREM 1.1. The mapping (p:r(n;p) MT(n;p) is a homomorphism for all n and p. For n > 3 and p > 3, so defines an isomorphism of Hl[r(n;p)] onto Mo(n;p) as modules over GL(n;Fp). We are indebted to Walter Feit for supplying us with the proof in the general case.
Let St(n) be the Steinberg module for the free Qmodule of rank n and St(n) the Steinberg module for the free F3-module of rank n. Then St(n) is a GL(n;Z) module and St(n) a GL(n;F3) module The proof of this theorem uses the theory of BorelSerre compactifications (9, 8) . If X is the symmetric space SO(3) SL(3;R) and X the manifold with corners defined by Borel-Serre, then X/r is a compact K(F ;1) manifold with boundary so H* (x/r) --H* (r).
[Here r = r(3;3).] We compute H2(bX/r) and, from this, H2(X/r) by showing that 6X/r can be obtained by "blowing up" the Tits building T of F33. Roughly speaking, this "blown up" Tits building is obtained by replacing each vertex of T by a K(P nr;1) manifold where P is a maximal parabolic Q-subgroup of SL(3;R), and each edge of T by a K(Ponr;1) manifold, Po a minimal parabolic Q-subgroup of SL(3;R).
To compute H2(r), we use the universal coefficient theorem to obtain an exact sequence The first and third terms in this exact sequence can be determined using Theorem 1.1 and Theorem 1.4. Whereas, this sequence splits over Z, it does not split over SL(3;F3). The proof of this fact is somewhat complicated.
The complete proofs of the results above will appear elsewhere (R. Lee and R. H. Szczarba, "On the homology and cohomology of congruence subgroups," in preparation).
The torsion in K3(Z).
As we indicated in the introduction, the homology groups of the spaces BQn and groups GL(n;Z) are related by the exact sequence -.HjBQn1-* HjBQn, -* Hj-. [GL(n;Z) ;St(n)] -Hj-lBQn--Since the space BQ is a limit of the spaces BQn, this sequence together with Theorem 1.3 give us the PROPOSITION 2.1. The mapping HjBQn -> HJBQ induced by the inclusion Q, C Q is surjectiveforj < n + 1 and injective for j < n.
In particular H4BQ -. H4BQ4. Thus, to determine H4BQ, we must compute the groups Hi [GL(m;Z) ;St(m) ]
for small values of i,m. This is done using the results on the homology and cohomology of congruence subgroups of the previous section. For example, to compute H1[GL(3;Z);St (3) Here we have written r for r (3;3), GL for GL(3;Z), GL for GL (3;F3) COROLLARY. The group K3(Z) has no p-torsion for p > 3 and the 3-torsion occurs as a cyclic subgroup of order 3. This corollary follows from the mod C Hurewicz theorem for H-spaces.
As for the 2-torsion in K3(Z), we let F be the homotopy fiber of the natural mapping f:Q-S -o BQ. The detailed proofs of the results above will be given elsewhere (R. Lee and R. H. Szczarba, "On the torsion in K3(Z)," in preparation).
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